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Use Dijkstra’s method to find the minimum spanning tree of the below graph (you may start from vertex a).
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QUESTION 1. (8 points)

3b 2e @.‘U
e

3 D

A salesman E’Iocated at G. He wants to visit each block (each vertex) exactly once and then retum to G
1) Find all possible Hamiltonian cycle.
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2) Find the Hamiltonian cycle with minimum weight.
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QUESTION 3. (6 points) Let V = {1.4,6,9. 11, 16,21, 26}. Two vertices in V', say a, b, are connected by an edge if
and only if @ + b = 5¢ for some c € V™.

a) Draw such graph. | 1 6 L1 1é 21 2¢
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b) Is the graph a complete bipartite graph? if itis a R, .., then find n and m.
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¢) Find the diameter of the graph. ) 6
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d) Is the graph an Eulerian? If yes, then find such Eulerian circuit.
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e) Is the graph Hamiltonian? If yes, then find such Hamiltonian cycle.
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QUESTION 4. (4 points) Is the scquence 7,2,2,2.2,2. 2. 1 graphical (i.e., is there a graph so that the vertices have the
given degrees)? If yes draw such graph. 3
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QUESTION 5. (6 points)) Consider the following code 61 A

Fork=2to(n“+5£ N4 5-2 4+ ad

S=k'+3xk+4 s

For£="7to (k+3) 6+5 (4) 2é ' E

=432 FL [ “ ?‘2 4' F

L—I 1-7*11‘2—- - hos ﬁ'%"‘:? ;

next i nEa g+§(n’“’+g"2)' (rg[n"_;.;) 36 - de(A)-

next k
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(i) Find the exact number of addition, subtraction, multiplication that the code executed.
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(ii) Find the complexity of the.code. r 4 > 6’
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QUESTION 6. (4 points) A = {4,6,7,8,9,11,13, 15} and let B = P(A4) (i.e., B is the power set of A).

(a)Find |B|.

1Al g

1Bl = 2 = 2 =256

(b) Define ” = "on B such that Ve,d € B, " = ”d if and only if e Nd = @ (note d means 4 —
~_-convince me that ” = " is not transitive and hence ™ = " is not an equwalence relation on B,
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(c)Let F = {c€ B | |C| = 4}. Find | F| (note that |¢| means the cardinality of C) .
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d). By example,
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QUESTION 7. Let 4 = {—5,—4 -3,-2.1,3.4,5,6,8}. Define " < "on A such that Va,b € A, " < 0" if and only if

a = bc forsome ¢ € A. Then " <™ is a partial order relation on 4 (Do not show that).

(i) (4 points) Draw the Hassee diagram of such relation
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(ii} (3 points) By staring at the Hass;ee diagram, if possible, find
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f. Is there an m € A such that m < a forevery a € A? If yes, find m ane
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QUESTION 8. (4 points) Convince me that |(0, c0)| = |[-4, 10]| { you need to use the concept of bijective function ).
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Now, 1 (-9,103[0 {-4,10}] = [(-410)] =)(g,0- 14,0 §
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QUESTION 9. (4 points)

() How many 6-digit odd integers STRICTLY greater than 400003 can be formed using the digits {2.8, 4. #:6.7.8}
such that the fourth digit must be an even integer.

i ¥

5% %3 %3 x4 ¥ 2 20580

(ii) There are 849 balls and there are 10 holes{Very deep holes). The holes are labeled A, A, A, A, AB,B,B.C, C.
507 balls must be placed in A-holes (i.e., maybe all of them in one A-hole, or in two A-holes or in three A-holes or
in four A-holes or in five A-holes), 33 balls must be placed in B-holes (see my earlier comment), and the remaining
balls must be placed in C-Holes (again, see my earlier comment). Then there are at least n balls that are placed in
the same hole (such hole could be an A-hole, or a B-hole, or a C-hole). What is the maximum value of n.?
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QUESTION 10. (4 points) e 6 5 )
Given 5 = {1,2,3.4,5.6.7.8}. Let f be a bijective function from S onto 5 such that l mna X = , J

{1 23456738 /
176 51 2 8 4 3

(i) Find f*.
e 2
.-'I-;
(ii) Find the least positive integer n such that f™ = I, where I is the identity r_n::ii:u (ie.. fju) =aforeverya e S)

et el (134) (269 35) ¢/
Lem (3,8) =15 - ;'%é T

QUESTION 11. (6 points) Let 4 = {-5, -4, -3, -2,-11,2,3,4,5.6.7. 8}. Define "=" on A such that Va, b € A,
a” ="bif and only if a (mod 3) = b {mod 3). Then "=" is an equivalence relation. Do not show that.

(i) Find all equivalence classes of 4.

_ _ ’ 2 -2 = | .
(-81={-2,1,4,%-5] —Smod3 = 3-2 <]
[-41:{-1, 2,5 € -4} =4 mod 3 P
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L-31:{3, ¢, 3] 3-1<2 . 5 zemed 3
s ?
P ~| rod 3 =
S 3 7. 2
A —rnod 3 3~ 1=2 (N
%
. L 2
3_..\ 2mod %  meia
~ 3rmod 2 = S’rmdaa

(ii) view "=" as a subset of A x A. How many elements does "=" have? .

l=1: S5*+s*+3*: gq
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QUESTION 12. (5 points) Let m = gcd(28, 128). Then find 2, b such that m = 28¢ + 1285
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m = ged (26 28) 24
4= |b-12
= 128-26(4)- (28-16) 2 5¢

128 - 28(5) + 128 ~2%(9)
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QUESTION 13. (6 points) Use math induction and convince me that 15 | (36™+3) _ 12) for every m > 1.
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QUESTION 14. (6 points) Let X' be number of students in MTH 111. Given 0 < X < 90 such that X (mod 9) = 2
and 4X (mod 10) = 6. Use the Chinese remainder Theorem (CRT) and find all possible values of X,

X (rod @) =25 5 Tgcd (910021 = CRT applie
44X (mod |0) = & 4 10 4

10x =% (medq)
X, = |

&y ¢ (mod!0)
X= € 'ﬁtl'—'-q
X=9 = 17,4
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X, = (_L_c}f-x-gx\ F Gxaxa) medd0
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QUESTION 15. (5 points)
(1) Find all possible solution of 12z = 16 over PLANET Z-

9(&([2)20) = 4 ) : 20) 3¢ Y
. = AR 20 20 b
O Te am 9 solulising 20 /1E

”~ [ é
x={3,¢ 1214%} - 6 -
r / 2 - = L{ .:(LS] 2}'
20) 154
(2) Find all possible solution of 12z (mod 20) = 16 over PLANET Z Iy o

e R (ke2)
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